We study the "ordinary" Scherk-Schwarz dimensional reduction of the bosonic sector of the low energy effective action of a hypothetical M-theory on S 1 × S 1 ∼ = T 2 . We thus obtain the low energy effective actions of type IIA string theory in both ten and nine space-time dimensions. We point out how to obtain the O(1, 1) invariance of the NS-NS sector of the string effective action correctly in nine dimensions. We dimensionally reduce the type IIB string effective action on S 1 and show that the resulting nine dimensional theory can be mapped, purely from the bosonic consideration, exactly to the type IIA theory by an O(1, 1) or Buscher's T-duality transformations. We then give a dynamical argument, in analogy with that for the type IIB theory in ten dimensions, to show how an S-duality in the type IIA theory can be understood from the underlying nine dimensional theory by compactifying M-theory on a T-dual torusT
I. Introduction:
Recently there has been a remarkable development in our understanding of the nonperturbative behavior of various string theories. One of the most important new ingredients in the dynamics of various string theories is their close relationship [1] [2] [3] with the eleven dimensional supergravity theory of Cremmer, Julia and Scherk (CJS) [4, 5] . This latter theory is believed to be the low energy description of an eleven dimensional hypothetical quantum theory which is non-commitally called as M-theory [6] in the literature.
It is rather surprising that all the five known string theories including type I, two type II and two heterotic string theories can be obtained by toroidal and orbifold compactifications of this CJS theory [7] [8] [9] . Most intriguingly, the type II string theories obtained by toroidal compactification of CJS theory automatically contain the non-perturbative information through the Ramond-Ramond (R-R) fields. The sources for these R-R fields are believed to be extended objects known as Dirichlet(D)-branes [10] [11] [12] [13] which should be included in the string theory spectrum as dictated by the underlying U-duality [14] symmetry of the string theory.
In this paper, we study the "ordinary" dimensional reduction [15, 16] of the bosonic sector of N=1, D=11 CJS supergravity theory. In this procedure one splits the original eleven dimensional coordinates (xμ) into D space-time coordinates (x µ ) and d internal coordinates (x m ) * and demands that the fields and the symmetry transformation laws of the original theory be independent of the internal coordinates. The internal space is usually taken to be compact and in this case we consider it to be S 1 × S 1 ∼ = T 2 . When we reduce the 11-dimensional supergravity theory first on S 1 with radius R 1 , we obtain the type IIA theory in space-time dimension ten for small R 1 . Since the radius of the circle is directly proportional to the string coupling constant as measured in terms of the metric of the string theory, the CJS theory represents the non-perturbative limit of the type IIA string theory. Type IIA theory obtained this way, therefore, inherits non-perturbative information from the supergravity theory which shows up in the natural appearance of the R-R fields. Unlike the Neveu-Schwarz-Neveu-Schwarz (NS-NS) gauge fields, the R-R fields do not couple to the ten dimensional dilaton and therefore remain inert under the four dimensional S-duality transformation, a natural consequence of the fact that the R-R charges are carried by the solitonic modes and not by the fundamental string modes [14] .
We then further reduce the theory on a second S 1 with radius R 2 and obtain the type invariance of the dimensionally reduced string effective action. We then ask whether the whole type IIA string effective action including the R-R sector is also invariant under O(1, 1) transformation. We find the answer in the negative. However, we point out that the whole action possesses a global O(2) invariance [7] which is kind of trivial since it follows directly from the Lorentz invariance of the CJS theory in eleven dimensions.
It is known that the type IIB supergravity equations of motion [18, 19] can not be obtained from a ten dimensional covariant action. However, if one sets the self-dual fiveform field strength to zero, then the equations of motion can be obtained from an action.
We take the bosonic sector of this type IIB string effective action which is also known to possess an exact global SL(2, R) invariance [20, 21] . Under this, a complex scalar field formed out of an R-R scalar and the dilaton undergoes a fractional linear transformation whereas the two two-form potentials, one from the NS-NS sector and the other from the R-R sector, transform linearly with the other fields remaining invariant. We reduce this action on S 1 and find that the NS-NS sector of the resulting nine-dimensional theory is obtained from an eleven dimensional theory. At this point, it is natural to ask whether the global SL(2, R) invariance of the ten dimensional type IIB theory remains a symmetry of the nine dimensional theory. Naively, one would expect this to be true since the scalar fields of the original theory remain intact in the process of dimensional reduction. We explicitly show that this naive expectation fails and the nine dimensional theory does not have a manifest SL(2, R) invariance of the action. The SL(2, R) invariance seems special only to D=10 and D=4. Finally, we note that the SL(2, R) S-duality invariance of the type IIB theory in ten dimensions has its origin in eleven dimensions as it could be understood by compactifying CJS theory on
We present here an argument, in complete analogy with the type IIB theory [21, 24] , that the type IIA theory in ten dimensions also possesses an SL(2, R) S-duality invariance which can be understood if we compactify the CJS theory on a T-dual torusT 2 .
We donot yet know how this symmetry can be realized at the level of the type IIA action in ten dimension.
The paper is organized as follows. In section II, we study the "ordinary" ScherkSchwarz dimensional reduction of the bosonic sector of CJS supergravity theory on S 1 × S 1 ∼ = T 2 and obtain the low energy effective action of the type IIA string theory in ten and nine space-time dimensions. We point out how to correctly recover the noncompact global O(1, 1) invariance of the NS-NS sector of the nine dimensional string effective action. The complete action including the R-R sector has been shown to be invariant under a global O(2) transformation. The reduction on S 1 of the bosonic sector of the type IIB string effective action when the five-form field strength is set to zero is presented in section III.
By applying an O(1, 1) transformation we show that type IIB action gets mapped to the type IIA action when the fields in type IIA theory satisfy certain conditions. The nine dimensional type IIB theory is shown not to have a manifest SL(2, R) invariance but is invariant under a global O(2) transformation. We also show how to understand an SL(2, R) S-duality invariance in type IIA theory in ten dimensions by considering the compactification of CJS theory on T-dual torusT 2 . Finally, we present our conclusions in section IV.
II. Dimensional Reduction of CJS Theory on S
In the first part of this section, we perform the "ordinary" Scherk-Schwarz dimensional reduction [15, 16] of the bosonic sector of the N=1, D+d=11 supergravity theory of
Cremmer, Julia and Scherk on S 1 and fix our notations and conventions. The original D+d coordinates will be split into D=10 space-time coordinates and d=1 internal coordinate.
We denote the eleven dimensional fields and coordinates with an 'inverted hat', the ten dimensional objects with a 'hat' and objects in nine dimensions will be denoted without 'hat'. The Greek letters (λ, µ, . . .) in the later part of the alphabet will denote the curved space-time indices whereas (α, β, . . .) in the beginning of the alphabet will correspond to the flat tangent space indices. Similarly, the latin letters (m, n, . . .) represent the internal indices and (a, b, . . .) will denote the corresponding tangent space indices. The bosonic part of the CJS supergravity action has the form [5] ,
(1) whereě = det(ěα µ ),ěα µ being the elfbein,Čμνλ is an antisymmetric three-form gauge field andFμνρσ is the corresponding field strength.Ř is the eleven dimensional scalar curvature.
Our convention for the signature of the tangent space Lorentz metric is (−, +, +, . . .). The scalar curvature is defined asŘ
Our convention for the spin connection iš
We note thatΩαβ ,γ is antisymmetric in its first two indices whereasωαβγ is antisymmetric in its last two indices. The field content of the theory (1) is just an elfbeiněα µ and a totally antisymmetric three-form potentialČμνρ. The scalar curvature term in (1) will be simplified by using the following identity which is valid in any space-time dimensions:
Where Λ(x) is an arbitrary function of x.
In the "ordinary" dimensional reduction the field variables will be taken as independent of the internal coordinates. Using SO(1, 10) Lorentz invariance of the eleven dimensional theory the elfbein is usually taken in the triangular form [5] as given below: 
With this convention the metric and its inverse then take the following form:
We have not used any accent to denote the fields on the right hand side because we will take these structures of the vielbein and the metric for both ten and nine dimensions. 
µ . Using (6) with Λ(x) = 1, (7) and (9) it is a straightforward exercise to verify the following relation for the dimensional reduction from 11 → D dimensions (note that this relation is valid in general for the dimensional reduction from any D+d → D dimensions).
where g = det g µν , ∆ 2 = det g mn , g µν and R being the D dimensional metric and the scalar curvature respectively. In (10) we have also set the integral over the internal coordinates on a compact manifold to unity. Since we want to reduce the theory (1) just by one dimension we choose m = n = 10 and
Using this g 10,10 andÂ 10 µ in eq. (10) and performing the dimensional reductions of the other terms in (1) we obtain,
where we have defined,
νρ + cyc. inμνρ (13)
We notice in (12) that the scalar curvature term and the (Ĥ (1) ) 2 term have different powers of ∆. In order to reproduce the NS-NS sector of the type IIA string effective action correctly, they should have the same power of ∆ which could then be identified with the usual dilaton coupling. We notice that this could be done with the rescaling of the ten-dimensional metric byĝμν
With this rescaling we find that both the terms are multiplied by ∆ −3 . So, in order to produce the correct dilaton coupling we set
We also note that for a general rescaling of the metric of the form g µν → e αφ(x) g µν , in D dimensions, the scalar curvature changes as
So, under this rescaling √ −gR changes as
Using (16), (15) and (14) in (12), we obtain the type IIA string effective action in D=10
in the form,
(1) µνρĤ
(1) µνF
We here note that the first three terms in (17) with the usual dilaton coupling represent the NS-NS sector and is common to all string theories. The fourth and the fifth terms belong to the R-R sector whereas the last term has a mixing between the NS-NS and R-R sectors. The last three terms, however, do not couple to the dilaton and encode the nonperturbative information inherited from CJS theory in eleven dimensions. Also, we note from (15) that as the expectation value of ∆ represents the radius of compactification, R 1 , of the circle S 1 , it is related to the string coupling constant as
A . Because of the Weyl scaling (14) , the radius as measured by the string metric would be
and therefore, CJS theory represents the non-perturbative limit of type IIA theory [1] .
In the second part of this section, we consider the dimensional reduction of the type IIA theory, eq. (17), on a second S 1 . In this case we follow exactly the same procedure as before and take the zehnbein and the ten dimensional metric in the same form as given in (7) and (8). We take the ninth component of the metric as g 99 = χ and the vector gauge field which originates in the dimensional reduction of the ten dimensional metricĝμν is denoted as A
µ . In order to reduce the scalar curvature and the dilaton term in (17) we note the following relation for the dimensional reduction from 10 → D dimensions (this relation is also valid for the reduction from any D+d → D),
where D is any dimension lower than ten. Note that we have here used the identity (6) with Λ = e −2φ . The dilaton fieldsφ and φ D are related as,
For m = n = 9 and
µ , we obtain from (18) the reduced form of the scalar curvature and the dilaton term as (We will denote the nine dimensional dilaton as φ.),
We then write below the reduced form of the other terms in (17) separately, 3rd term:
4th term:
5th term:
last term:
We have expressed the reduced form of this term in terms of the indexed fields for later convenience, where i, j, k = 1, 2 and ǫ 12 = −ǫ 21 = 1. Our definitions and the dimensionally reduced form of the gauge fields as well as their field strengths are listed below:
µν − aB
The field strength associated with various gauge fields are given below:
where we have defined,B
(1)
Continuing with the other field strengths,
where H
µνλ is defined as
where,B
(2)
and finally,
where,C
Note from (25) that the radius of the circle of compactification is given by the expectation value of the field χ 1 2 as measured in string metric and will be used later. Also, we have introduced both B µν andB µν , because we will see that it isB µν which will remain 
In writing down (42) we have rescaled A
µν and C µνλ → 1 2 C µνλ to recast the action in the standard form. This action is also obtained in ref. [7] with different definitions and conventions of the reduced fields. But, note that we do not agree with the reduction of the topological term eq.(47) in ref. [7] . The first six terms in (42) represent the NS-NS sector which couples to nine dimensional dilaton φ, the next four terms which do not couple to the dilaton encode the non-perturbative information and represent the R-R sector whereas the last term gives a mixing between the NS-NS and the R-R sectors. We first concentrate on the NS-NS sector of the action (42) and show that it is O(1, 1) invariant. We here follow closely the notation adopted in the paper of Maharana and Schwarz [15] . Since the nine dimensional dilaton and the metric remain invariant under O(1, 1) transformation the first two terms are invariant.
The third, fourth and fifth terms can be written as
where
Here M is an O(1, 1) matrix, since
transforms as A µ → ΩA µ . The form of the O(1, 1) transformation matrix Ω is:
where λ is a constant parameter. So, we find the O(1, 1) transformation of the moduli χ and the vector gauge fields asχ
We note that (43) 
and this is invariant if we require thatB µν and not B
µν which should remain invariant under O(1, 1) (as noted incorrectly in ref. [17] ) for the O(1, 1) invariance of the NS-NS sector. In fact, B (1) µν in the present case transforms under (46) as,B
When both A (2) µ and A (3) µ are chosen to be zero, it is only then B (1) µν would remain invariant. We will see in section III that the transformation (46) corresponds to Buscher's duality transformation for a special value of λ. We also note that our result here is true for general Finally, we point out as also noted in ref. [7] , that the whole action (42) 
where θ is a constant infinitesimal parameter. In the above the indices i, j = 1, 2 with ǫ 12 = −ǫ 21 = 1. Also, we note that although the string frame metric transforms under the O(2) transformation, the Einstein frame metric in nine dimensionsḡ µν = e µν . Also it is much easier to verify the invariance of the action (42) in the Einstein frame since the Einstein metric remains inert under the O(2) transformation. Many interesting consequences with a finite version of this O(2) symmetry has been pointed out in ref. [7] .
III. Reduction of Type IIB Theory on S 1 and Duality Symmetries:
It is well-known that the equations of motion of the N = 2, D = 10 chiral supergravity theory can not be obtained from a covariant action in ten dimensions. The bosonic sector of this theory contains a four-form gauge potential whose field-strength is self-dual. If one sets this five-form field strength to zero, then it is known that the equations of motion can be derived from a covariant action. We, therefore, consider this action which is the low energy effective action of the type IIB string theory. The action has the following form:
(1) µνλĥ
We have denoted the metric, the scalar curvature and the dilaton with a subscript 'B'
and the field strength with small letters to distinguish them from the corresponding fields in the type IIA theory. The type IIB theory (as also common to all other string theories)
is known to contain a metric, a dilaton and a two-form gauge fieldb (1) µν (with field strengtĥ h (1)μνλ ) in the NS-NS sector which is represented by the first three terms in (51) with the usual dilaton coupling. The R-R sector consists of a scalarψ, a two-form gauge fieldb
(with field strengthĥ (2)μνλ ) and a four-form gauge field whose field strength has been set to zero. The R-R sector does not couple to the dilaton as is clear from the last two terms in (51) and contains the non-perturbative information of type IIB string theory. It is known that the action (51) possesses a global SL(2, R) invariance [20, 21] . This symmetry can be better understood in the Einstein frame since the Einstein metric remains inert under the SL(2, R) transformation. So, in order to show this symmetry we first express the action in the Einstein metricĝ B,μν = e − 1 2φĝ B,μν as follows:
This action can now be expressed in a manifestly SL(2, R) invariant form as given below, transforms to its inverse showing a strong-weak coupling duality in the theory. We will point out later that this symmetry has its origin in the eleven dimensional CJS theory compactifying on a torus T 2 .
Next, we dimensionally reduce the action (51) on S 1 . Since we have studied the dimensional reduction of type IIA theory in detail in section II, we here give the results.
The reduced form of the action is given below:
where our definitions of fields and the corresponding field strengths are:
The corresponding field strengths are:
where we have definedb
We again notice here that the NS-NS sector of the reduced action transformation, the moduli field χ B and the vector gauge fields transform as
Also, note that in order to recover the O(1, 1) invariance of the NS-NS sectorb
µν does not transform whereas b (1) µν transforms as,
The metric g B,µν and the dilaton φ B do not transform under the O(1, 1) transformation.
As noted before for the type IIA theory, we again notice that the full action (55) does not remain invariant under the O(1, 1) transformation but changes tõ
We have assumed here, that like h
µνλ , the other field strength h
µνλ also does not transform under under O(1, 1) transformation. This, however, means that the R-R two-form potential b (2) µν (alsob (2) µν ) transforms in a non-trivial non-local way under the duality transformation. Also, the scalar ψ is assumed to remain inert under the O(1, 1) transformation. Now comparing this T-dual action (71) and the nine dimensional type IIA action (42), we find that they precisely match if the fields in the type IIA theory satisfy the following relations:
and we make the following field identifications:
Here eq.(72) simply says that the dimensionally reduced four form field strength in type IIA theory has to be zero, whereas eq.(73) says that the dual of the combinationC µνλ +
νλ + cyc. in µνλ is transverse to the H's. Note also that the identification (74) is consistent in the sense that the gauge fields a µ appear from the reduction of the two-form potential in ten dimensions. The other fields in these two theories have completely different origin and so, there is no contradiction in identifying them in nine dimensions. We would like to point out here that both the antisymmetric two-form potentials (NS-NS and R-R) in the two theories are related to each other in non-local way. We have thus shown, purely from the bosonic consideration, that type IIA and type IIB theories are T-dual to each other.
We now show that the O (1, 1) or the T-duality transformation (69) is nothing but the Buscher's duality transformation [25] of the various components of the metric, antisymmetric tensor field and the dilaton in ten dimensions for a particular value of λ. Since the following relations are valid for the common NS-NS sector of any string theory we will omit the index 'B'. The various components of the metric, the antisymmetric tensor field and the dilaton in ten and nine dimensions can be seen from eqs. (56), (58) and (57) to be related as,ĝ
We have expressedb (1) µν in terms ofb
µν because we know that it does not transform under O(1, 1) transformation (69). This is crucial to obtain the Buscher's duality rule [22] correctly. Under the duality transformation, they transform tõ
(76)
We point out that these O(1, 1) transformations (76)- (81) θ B ψe
Here θ B is a constant infinitesimal parameter and i, j = 1, 2 with ǫ 12 = −ǫ 21 = 1. One can check indeed that the action (55) is invariant under this transformation although type IIB theory is not obtained from the dimensional reduction of an eleven dimensional theory.
It is quite natural to expect that the type IIB theory in nine dimensions (55) should have a manifest global SL(2, R) invariance like its parent theory in ten dimensions. We say it is natural, because the matrix S eq.(54) that was constructed to show the SL(2, R) invariance of the action only involves the scalar fields which remain intact under dimensional reduction. We, however, show that this expectation fails primarily because the matrix S in (54) is manifestly dependent on the number of the space-time dimensions.
To show this it is enough to consider a simpler case when χ B = 1, i.e. at the self-dual point.
(The general case can also be worked out quite easily.) We first rewrite the action (55) in the Einstein frame since the Einstein metric remains inert under SL(2, R) transformation.
With the Weyl scalingḡ B,µν = e
φ B g B,µν the action takes the form:
We note that in order to reproduce the dilaton as well as the scalar term in the action correctly in any dimension, we should choose the matrix S to have the following form: (It is worth emphasizing here that the dependence on D, alternately, could be transferred to the exponential which is equivalent to rescaling the dilaton. In fact, this is the way one gets SL(2, R) invariance in four dimensional string theory.)
In particular, in ten dimensions (85) correctly reproduces the scalar terms and it matches with the form of S given in eq.(54). Also, for nine dimensions it produces the scalar terms in (83) correctly. But it is the explicit D-dependence in the matrix S which spoils the manifest SL(2, R) invariance of the other terms in the action. For example, if we want to produce h µνλ terms we choose
then,
So, for D=9 we almost get the h µνλ term in (83) except the factor It has been observed by Aspinwall [24] that the strong-weak coupling duality (which we have interchangably called an SL(2, R) S-duality) symmetry in type IIB string theory in ten dimensions has its origin in the underlying eleven dimensional theory by compactifying
Since we have also studied the dimensional reduction of eleven dimensional CJS theory, we can reformulate his argument in terms of the fields we have defined in section II. Note from (15) , that when we compactified the CJS theory on S 1 to obtain type IIA theory, the radius of the circle of compactification was found to be related to the ten dimensional dilaton by
So, the type IIA string coupling constant is given by
When this type IIA theory was further compactified on second S 1 , the radius of the circle was chosen to be χ 1 2 (see eq. (25)). This radius is mesured in string metric. Because, we had to rescale the ten dimensional metric (see eq. (14)) to obtain type IIA theory, so the radius of the second circle in terms of the original metric would be given as
So, writing in terms of the nine dimensional fields we get log χ) changes to that of type IIB theory under the T-duality transformationχ = χ −1 (we have set λ = −1 as this produces the Buscher's duality transformation), we have and R 2 , the SL(2, R) symmetry group of the type IIB theory can be identified with the modular group of the torus T 2 ∼ = S 1 × S 1 as also observed in ref. [21] .
We now compute the T-dual of R 1 and R 2 as given by, 
Using (93) and (94) we find
Since the nine dimensional theory should have an exchange symmetryR 1 ↔R 2 , we thus find a strong-weak coupling duality symmetry also in type IIA theory in ten dimensions.
This symmetry has its origin in the eleven dimensional CJS theory by compactifying it on T-dual torusT 2 with radiiR 1 = 1 . It remains an interesting puzzle to obtain this symmetry of the type IIA action directly in ten dimensions.
IV. Conclusions:
We have performed the "ordinary" Scherk-Schwarz dimensional reduction of the bosonic sector of the low energy effective action (CJS theory) of a hypothetical M-theory on S 1 × S 1 ∼ = T 2 . In this way we have obtained the low energy effective actions of type IIA string theory in both ten and nine space-time dimensions. Type IIA string effective actions obtained this way not only contain the usual NS-NS gauge fields but also contain the R-R gauge fields which do not couple to the dilaton and encode the non-perturbative information inherited from the eleven dimensional CJS theory. Since the string coupling constant in ten dimensions is directly proportional to the radius of compactification of the circle, M-theory describes the non-perturbative limit of type IIA string theory. The NS-NS sector of the nine dimensional type IIA string effective action has a noncompact global O(1, 1) invariance. We have pointed out how to recover this symmetry correctly under which the moduli, the vector gauge fields as well as the antisymmetric Kalb-Ramond field transform in a nontrivial way. The full action, including the R-R sector in nine dimensions does not possess this symmetry, however, it has a global O(2) invariance as a consequence of the Lorentz symmetry of the original eleven dimensional theory. We then considered the type IIB string effective action containing the R-R fields when the self-dual five-form field strength is set to zero. This action is known to possess an SL(2, R) duality invariance. We performed the dimensional reduction of this action on S shows purely from the bosonic considerations that the type IIA and type IIB theories are T-dual to each other. We then showed that for a particular value of the parameter of the O(1, 1) transformation, it reduces precisely to the Buscher's duality rules for the various components of the metric, the antisymmetric tensor field and the dilaton in ten dimensions. We have pointed out that the type IIB theory in nine dimensions has a global O (2) invariance although it is not obtained from an eleven dimensional theory. The original manifest SL(2, R) invariance of the type IIB theory in ten dimensions have been shown to be spoiled by the dimensional reduction and the nine dimensional theory does not have this symmetry in any manifest way. We then presented a dynamical argument to show that the type IIA theory in ten dimensions also has an SL(2, R) S-duality invariance.
This can be understood by compactifying CJS theory on T-dual torusT 2 . It would be very interesting to realize this symmetry in a manifest way at the level of type IIA action in ten dimensions.
